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The papers [1,2,3,4 ] investigated gas flows whose hodograph which de-
generates into a self-similar manifold or into a manifold of degree
smaller by one than the number of independent variables. The papers |1,
2,5 ] investigate double waves in the case of potential flows. In the
present note consideration is given to double waves without the assump-
tion that the flow is potential. The flows [1.2.5 ] are obtained as a
special case.

1. As is known, the equations of spatial motion of a polytropic gas
for the adiabatic case have the form

Ou, du, 8
i i Hyg
at + Ui dx;, +'§a'-AU

(i, k=1,2,3) (“‘: a/A ) (1.1)
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where u;, u,, u; are the velocity components along the coordinate axes
Xy, Xg, X3 (swmation is carried over repeated indexes); a is the velo-
city of sound; y is the ratio of specific heats. In what follows, unless
stated otherwise, as in the preceeding case, the indexes will take the
values 1,2,

Using a variation of the method presented in [ 4], we shall consider
a case where the hodograph velocity degenerates into a two-dimensional
surface, i.e.

us = w(uy, ), ug = 0(a,, u,y) (1.2)
It follows that the functions uy;, ..., u, lie on the same two-dimen-

sional surfaces. Let us examine the case where those surfaces are planes,
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Tk + AnilYn -+ Qo = 0 (yr=z3, y2=1) (1.3)

where a_, and ey, are functions of u,, u,. Since a derivative along any
direction located on the surface of an arbitrary function f(u,, ..., u,)
equals zero, we obtain

L) A (1.4)

OYn Gnk 9z,

Using (L.2) and (1.4) and eliminating the functions u,, u, and deri-
vatives with respect to x,, t, from System (1. 1), we obtain

AiE(uk+a1kw+azk)ai+9k%=0 (w; = 2")—)
oz, Ox; ( du;
Ou; [ 20
A= (wwi + agww; + aud; + agwi) 7, = 0 (ei = 6—u,) (1.5)

o (.ﬁ,-k=o. i%k}

3=11i=k

ou
A= (b + apdaw + a8; + 88 - ay M uy) az;

In what follows instead of System (1.5) we shall investigate an equi-
valent system, which is obtained in the following manner:

_ ou, _
Bi=bi¢Ba—x—B = Ai = 0
ou, .
By=bsap 5, = Ai (wh + ) — Aw =0 (1.6)
B

ou
BdE b'mﬂéx—:E Ai(ww,- —|— 91) —_ A3w =0

Since Equations (1.6) have to be satisfied for any y, it 1s necessary
to add to the system of Equations (1.6) the equations

d dug . . . _
-67”(1)“3 876) =0 (=1, b a,pn=12) (1.7)

Taking the partial derivative and applying relationships (1.4), we
obtain
F:) ou, b 0a,;, Ou,
anka';; (biaﬁ'a?ﬁ) iaﬁ%‘;—a?k =

Taking into account (1.6), we have

da,,; du,

bias Gy 5, (=104 uB k=12 (1.8)
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Taking into account that
da_ . aank% (1.9)
dz, | Ouy Oz, .
we obtain
9B; _ «8 Oay, s g i=1,...,4
dy = O b G =Tl =0 (T
<J_aﬂa_u=._§y_1%) (1.10)

- 01‘1 61:, axz 621

In the future we shall assume that J #£ 0, as J = 0 reduces the flow
to the simple wave type. Those flows were investigated by Tanenkd 3 1.

We shall show that the relationships

vy n=1,2;5=2,3,..) (1.11)
ay°,

do not yield new equations. Indeed, using (1.4) and (1.6), we transform
(1.11)

o°B g

si =(—J)2Jn? L, for s odd
% (7 _"_’ha“_w_a"_"l"“_m)
asBi 8 8 \ aul aU2 aug Bul
o = (—J)2J,2B; for s even

n

Thus, the system of Equations (1,10) determines w(u,, u,) and 6(a,,

u,), i.e. the two-dimensional surface, into which the velocity hodograph
degenerates.

2. We shall investigate the matrix, which consists of the coefficients
of the system of Equations (1.6)

G Ca— 0, 8, 0
0 8 G—9 Ce
Moy 4 e Moyl ey Mgy ey MwpBny - co
7]161 ‘11261 ’71192 71292
(2.1)
where

N = Qg + g + wwi + O 4 0, T = apw + ag [ ux + 0

Crk =wek2 — rwb 1+ wkz)

Crm = Whb, + 20 (w0 — wiby) — Nvwwd (k== m) (2.2)
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Depending on the rank of (2.1) we will obtain various flows. The case
r = 4 leads to u; = const. Let r = 2. Then obviously the solution will be

'nk == O’ Ck = 0 (2.3)

In that case we will arrive at a system of two equations tor the hodo-
graph surface, which were initially obtained by Ryzhov [51].

Indeed, from (2.2) and (2.3) we obtain

Qg = Wy, Qgp = Uy — wwy — O (2.4)

In that case, when the rank of the matrix (2.1) is equal to two, the
system (1.10) will contain only four independent equations. When (2.4)
is substituted into Equations {(1,10) two of them will become identities,
while the remaining two will yield the desired equations.

In the most general case the requirement that the rank of the matrix
(2.1) shall be equal to two leads to four algebraic equations for the un-
knowns 7, and {,. Determining the roots of this system, for example

e = wwy -+ t':i {(— 1* 7854 -+ B0}, =0

(v= (1P by, 02 = — (L + waz) + 500 +¥)  (2.5)

we find a,,. Substituting a,, into (1.10), we obtain the system of equa-
tions for the functions w(ul, u,) and 6(u;, u,).

3. Let the rank of the matrix (2.1) be equal to three. Then the system
of Equations (1.6) will be dependent. Let us arrange the equations so as
to make the first three equations independent, Then the System (1.10),
or the equivalent, System {1.8), will contain two dependent equations
with index 1 = 4.

Let us investigate three equations of the System (1.6) together with
any Equation (1.8). Then the determinant of :4th order will be equal to
zero, i.e.

da,, = 1,
Dybyy o 7y —Dibus 52 +ng,2ﬂ i .—-1)41712‘a 7 =0 ; n=1 2) 3.0

where D, are determinants of the 3rd order, obtained from matrix (2.1)
minus the last line, by means of delating the i-column. Otherwise u, =
const. From (3,1) we obtain

D,biyy — Diybiyg + Dibigy — Diybigy =0 {i=1, 23 (3.2)
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Using identities (3.2), we rewrite System (3.1)

da,, da da,,
(D1biyy + Dgbigy) (—6:c11 — a:: ) + (D1bise + Dsbigs ) 6x21 +
a
+(—Ddbu— D) 5t =0 G=t23n=tn (33

We investigate this system for n = const with respect to

da,, aanz) day; Ot
( 0wy 0z3 )’ Om ' Om

We shall find its determinant A by computing
A = — (DD, — D,Dy)? (3:4)
On the other hand, from System (1.6) which contains the first three
equations, we obtain
J =¢*(D.Dy — Dy Dy) (3.5)
where ¥ is an arbitrary function of u; and u,.

Hence, 1f A= 0, we obtain J = 0, i,e. the propagation of a simple
wave; 1f A £ 0, then
6_@ da,, ~0, da,, 0, da,, —0 (3.6)

61‘1 —81:2 = 6:&; - 61‘1

In that case a two-parameter family of two-dimensional manifolds will
intersect along a common straight line.

4. Now, let the rank of matrix (2.1) be equal to unity. It is easily
established that this is possible only for

=0, B =0 (4.1)
We shall investigate this case. From (2.2) we obtain
Qg = — U — AW, M = w (wk —_ alk) (4.2)

Then the System (1.10) will yield two independent equations

« da, ,
(—1)°® (825 + aypwa) a—;f___" =0, Guwe+1=0 (4.3)

Substituting the value a;, from the second equation into the first,
we determine a;; in terms of w
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Qen = o W1a - wawye 4 weD < 0w
n =

. Wpm = —>—, D¥= w? — ww
‘ll)gzll)n —_ 2w1waw1, -+ wlzwgg km 8uk6um ’ 12 11%22

(4.4)

For the a,, selected in this manner only one independent linear equa-
tion of System(1.6) with two desired functions u; and u, has to be
satisfied, which is easily accomplished. If we assume, for example, that
u, is an arbitrary function of %y and x,, then for u; we obtain the
linear inhomogeneous equation

wz%_wl% = J (21, g, Uy) (4.5)

which is easily integrated.

Using the values a,, determined as functions of u; and u,, and also
the equations of the two-dimensional surface (1.3), we find the flow in
the physical space.

5. We shall investigate the special case of steady gas flow, i.e.
ay;, = 0. From Bernoulli’s equation we obtain

Bk = — Uy — WWy, (5.1)

Since ay; = 0, it follows, that Ny = 0, 1.e. 1in this case the last
equation of (1.6) becomes an identity.

The requirement that the rank of matrix (2.1) be equal to two, leads
to two independent equations for ¢,

12612 — e12GiCe + (01162 - 01291 — 02191) G +enbtl=0 (5 2)

€2981% — €518,85 — 900,81 4+ €110.8, =0

The simplest solution {, = 0 leads to the equation of the hodograph
surface, obtained by Nikol'skii [2].

The other solutions of Equations (5.2) have the form

uy + (— 1)3*kwﬁ3_,L

Vv —uww

Gk = O (5.3)

where the notation is the same as in (2.5) with consideration of (5.1).
The expression for ©® may be simplified

0% = (M?*sin?t — 1) (1 + wawa) (5.4)

where M is the Mach number, 7 is the angle between the gas velocity and



Or. spatial gas flows with degenerate hodographs 723

the normal, to the surface of the hodograph at the corresponding point.
From (5.4) it follows that only supersonic flows are possible.

Detemmining a,, from (5.3) and substituting it into (1.10) we obtain

a system of two quasi-linear equations of the 2nd order for the surface
of the hodograph.

The case when the rank of the basic system is equal to three does not

yield new flows. Indeed, from Section 3 it follows, that for A= 0 we
obtain the flows of simple type wave, while A# 0 applies to conical
flow.
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